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In this paper we study the deformed statistics and oscillator algebras of quantum fields defined in
κ-Minkowski spacetime. The twisted flip operator obtained from the twist associated with the star
product requires an enlargement of the Poincare´ algebra to include the dilatation generators. Here
we propose a novel notion of a fully covariant flip operator and show that to the first order in the
deformation parameter it can be expressed completely in terms of the Poincare´ generators alone.
The R-matrices corresponding to the twisted and the covariant flip operators are compared up to
first order in the deformation parameter and they are shown to be different. We also construct the
deformed algebra of the creation and annihilation operators that arise in the mode expansion of a
scalar field in κ-Minkowski spacetime. We obtain a large class of such new deformed algebras which,
for certain choice of realizations, reduce to results known in the literature.
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Keywords: κ deformed space, noncommutative geometry, statistics
I. INTRODUCTION
Noncommutative geometry as well as formulation and study of physical theories on noncommutative spaces have
been attracting wide attention for quite some time now [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Unique features of the theories on
such spaces and also the fact that noncommutative geometry provides one of the possible approaches for describing
Planck scale physics, notably, quantum gravity are some of the motivations for the renewed interest in these studies
[11, 12, 13]. A simple and by now reasonably well studied model of noncommutative space is the Moyal space. One
of the interesting aspects brought out by these studies is the role of Hopf algebra (quantum group) [14] in analyzing
the symmetries of field theories on Moyal space. Though, in the conventional sense, the Lorentz symmetry is lost
in these theories, it is now well understood that using Hopf algebra approach, Lorentz invariance can be retained in
these noncommutative models, enabling the conventional interpretation of field quanta [15].
In the Hopf algebra approach, the underlying symmetry algebra of the noncommutative theory acts on multi-particle
states through the twisted coproducts of the symmetry generators. Alternate attempts to construct gravity theories
∗ trg@imsc.res.in
† kumars.gupta@saha.ac.in
‡ harisp@uohyd.ernet.in
§ meljanac@irb.hr
¶ dmeljan@irb.hr
2on noncommutative spaces, where a compatibility between the so called ∗-product and the action of diffeomorphism
symmetry generators also led to the introduction of twisted Leibniz rule (i.e. coproducts) for these generators [13].
Noncommutative spaces which are more general than Moyal space are also possible [11], κ-deformed space being
one such example, where the coordinates satisfy a Lie algebra type commutation relation [16, 17, 18, 19, 20]. Such a
κ-deformed space has emerged in the attempts to construct special theory of relativity compatible with the existence
of a dimensionful constant (Planck length) apart from the velocity of light in doubly special relativity [21, 22, 23].
Apart from the studies to understand the algebraic structure and symmetries, recently, field theory models have also
been investigated on such spaces [24, 25, 26, 27, 28].
One of the notable features of field theories on noncommutative spaces with generalized symmetry is the notion of
twisted statistics [29, 30, 31, 32, 33, 34]. The twisted coproduct arising from the requirement of compatibility between
the algebraic structures of the noncommutative geometry and the actions of symmetry generators lead to a notion of
deformed statistics. This comes about when the compatibility between the action of flip operator on multi-particle
states and the twisted action of symmetry generators is demanded, leading to a twisted flip operator [31, 32]. It is
this twisted flip operator that gives the definition of statistics which is invariant under the action of twisted symmetry
generators. Most of these discussions reported are for the field theory models on Moyal plane, though recently, some
studies have been initiated, investigating the issue of statistics for theories on κ-deformed spaces [35, 36, 37, 38, 39, 40].
Unlike the Moyal case, the twist operator in the κ-deformed space does not belong to the universal envelope of the
underlying Poincare´ algebra. Rather, the presence of the dilatation generator in the expression of the twist operator
indicates that it belongs to the universal envelope of the corresponding general linear algebra [41, 42, 43, 44, 45]. The
twisted flip operator associated with such a twisted coproduct for the κ-deformed space was constructed in [38]. In
this paper we present a different proposal for a covariant flip operator for the κ-Minkowski spacetime. For this, we
consider the deformed coproduct for a fully covariant realization of the κ-Minkowski algebra [6, 8]. This deformed
coproduct is an element of the corresponding Hopf algebra and it is different from the twisted coproduct arising from
the action of the twist operator. A covariant flip operator has to be compatible with the action of this deformed
coproduct. We find an expression of such a covariant flip operator to first order in the deformation parameter, which
is constructed from the generators of the Poincare´ algebra alone. We show that the corresponding R-matrix also
shares the same property up to first order in the deformation parameter.
In quantum field theory (QFT), the action of the twisted flip operator leads to a deformed algebra of the creation
and annihilation operators. For the Moyal case, this first arose in the context of integrable models [46] and the
consequences of such a deformed oscillator algebra in QFT are well studied [29, 30, 31, 32, 33, 34]. For the κ-
Minkowski case, there exists several proposals for such a deformed oscillator algebra [37, 47, 48]. In this paper we
construct a class of such deformed oscillator algebras corresponding to a family of realizations of the κ-Minkowski
space. For particular choice of realizations, we recover the deformed oscillator algebra obtained in [37], although our
construction leads to a much wider class of such oscillator algebras.
This paper is organized in the following way. In Section II, we briefly review the essential details of κ-Minkowski
spacetime and present a particular class of realization of the associated coordinates in terms of commuting ones and
corresponding derivatives. We also present the deformed coproducts of Poincare´ generators in terms of the functions
characterizing the realization[6, 8, 9, 38]. In section III, we discuss the star-product and the twist element and obtain
the explicit expressions for the particular class of realization[6]. Our main results are discussed in section IV. Here, we
first briefly review the twisted flip-operator for the κ-Minkowski spacetime [38]. We then discuss the construction of
a novel, covariant flip operator and discuss its properties. We apply the twisted flip operator to multi-particle sector
and obtain the novel, modified commutation relations between the creation and annihilation operators. We also show
how to define a new product rule between the oscillator operators so as to express their commutation relations in the
familiar form. We obtain a large class of novel deformed oscillator algebras which reduce to the one discussed in [37]
for a special choice of the realization. We finally end in section V with discussions. In the appendix, we start with
the ∗-product corresponding to the κ-spacetime that can be defined using the commuting vectors fields and derive the
twisted coproduct. Here, using this ∗-product, we first identify the twist element and using this we derive the twisted
coproducts. We show that these twisted coproducts-products, for a specific realization, are exactly same as the ones
we derive in section II.
II. κ-SPACE, ITS REALIZATIONS AND TWISTED COPRODUCTS
In this Section, we review the results of earlier papers of some of us [6, 8, 9, 38] which are used later. Similar results
have been obtained in general Lie algebra type noncommutative spaces and in particular for κ space and quantum
field theories on such spaces in [19, 22, 24, 25, 26, 35, 37, 47, 48]. Here we start with the generic Lie algebra type
noncommutative spaces and then specialize to the case of κ-Minkowski space, for which we obtain a special class of
realization of the noncommutative coordinates in terms of the coordinates and derivatives of the commuting space.
3The coordinates of the generic Lie algebra type noncommutative space obey the commutation relations
[xˆµ, xˆν ] = iCµνλxˆ
λ, xˆλ = ηλαxˆα (1)
with the choice Cµνλ = aµηνλ − aνηµλ and ηµν = diag(−1, 1, 1, . . .1) and summation over repeated indices is under-
stood. Here aµ(µ = 0, 1, 2, ..n− 1) are real, dimensionful constants parameterizing the deformation of the Minkowski
space. The κ-space is defined by the choice ai = 0, i = 1, 2, ...n − 1; a0 = a = 1κ . Thus we get the commutation
relations between the coordinates of κ-space as
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi. (2)
In terms of the Minkowski metric ηµν = diag(−1, 1, 1, 1......, 1), we can define xµ = ηµαxα and ∂µ = ∂∂xµ = ηµα∂α
which satisfy the relations
[xµ, xν ] = 0, [∂µ, ∂ν ] = 0, [∂
µ, xν ] = η
µ
ν , [∂µ, xν ] = ηµν . (3)
For later use, we also define pµ = −i∂µ so that [pµ, xν ] = −iηµν .
We seek realizations of the noncommutative coordinates in terms of the commuting coordinates xµ and correspond-
ing derivatives ∂µ as a power series. A class of such realizations is given by
xˆµ = x
αΦαµ(∂). (4)
It is easy to see that these coordinates obey [∂µ, xˆν ] = Φµν(∂). Such a realization defines a unique mapping between
the functions on noncommutative space to functions on commutative space. This can be seen first by defining the
vacuum |0 >≡ 1 annihilated by ∂ and defining
F (xˆϕ)|0 >= Fϕ(x) (5)
where the subscript ϕ specify the realization we work with. The functions of noncommutative coordinates are expanded
as a power series in xˆµ. Though there can be many monomials where xˆ0, xˆ1, ....., xˆn−1 appear m0,m1, ......,mn−1
times, respectively, all of them are related by the commutation relations given by Eqns. (2). Furthermore, to each
ϕ-realization there exists a corresponding ordering among noncommutative coordinates, such that
: F (xˆϕ) :ϕ |0 >= F (x)
(and vice versa). Thus we can define left, right, totally symmetric (Weyl) ordering, respectively as
: eikµxˆ
µ
:L ≡ e−ik0xˆ0+ikixˆiϕs(−ak0)e
−iak0
= e−ik0xˆ0eikixˆi ,
: eikµxˆ
µ
:R ≡ e−ik0xˆ0+ikixˆiϕs(−ak0) = eikixˆie−ik0xˆ0 ,
: eikµxˆ
µ
:S ≡ eikµxˆ
µ
(6)
here ϕs(A) =
A
eA−1 , A = ia∂
0 = −ia∂0.
In this paper we work with a specific class of realization satisfying [∂µ, xˆν ] = Φµν(∂) given by
[∂i, xˆj ] = δijϕ(A), [∂i, xˆ0] = ia∂iγ(A), (7)
[∂0, xˆi] = 0, [∂0, xˆ0] = η00 = −1 (8)
where A = −ia∂0. An explicit solution of this realization is
xˆi = xiϕ(A)
xˆ0 = x0ψ(A) + iaxi∂iγ(A). (9)
Using the above realization in Eqn. (2) we get
ϕ′
ϕ
ψ = γ − 1 (10)
where ϕ′ is the derivative of ϕ with respect to its argument ia∂0 and these functions satisfy the boundary conditions
ϕ(0) = 1, ψ(0) = 1 and γ(0) = ϕ′(0) + 1 is finite and all are positive functions. Further demanding that the
4commutators of the Lorentz generators with the κ-space coordinates be linear in xˆµ as well as in the generators and
have smooth commutative limit as the deformation parameter a→ 0 imposes further requirements on these functions
and one can easily see that there are only two class of realizations possible, viz: one where ψ = 1 and a second one
where ψ = 1 + 2A. We restrict ourselves to the case ψ = 1.
It may be noted that for ϕS(A) =
A
eA−1 there exists a covariant realization corresponding to Weyl symmetric
ordering. This realization is given by
xˆµ = xµϕS(A) + iaµxα∂
αγS(A), xα∂
α = ηαβxα∂β, (11)
where A = ia0∂
0 = −ia∂0. Here we choose aµ = (a, 0, ..., 0) to be time-like, which can be chosen to be is space-like
or light-like as well.
For the realization given in Eqn.(9) defined by ϕ(A) = e−ΛA/2, there also exists a one-parameter family of ordering
prescriptions
: eikµxˆ
µ
:Λ= e
−iΛk0xˆ0eikixˆie−i(1−Λ)k0xˆ0 (12)
which interpolate between right, time-symmetric and left corresponding to Λ = 0, 12 , and 1, respectively. Note that
what we call here as totally symmetric ordering [6, 8, 9] corresponding to the realization ϕS(A) =
A
eA−1 is completely
different from the time symmetric ordering corresponding to Λ = 12 [49].
The coproducts ∆ϕ of the derivative operators in the realization given in Eqn. (9) are
∆ϕ(∂0) = ∂0 ⊗ I + I ⊗ ∂0 ≡ ∂x0 + ∂y0 , (13)
∆ϕ(∂i) = ϕ(A⊗ I + I ⊗A)
[
∂i
ϕ(A)
⊗ I + eA ⊗ ∂i
ϕ(A)
]
. (14)
A. κ-Poincare´ Algebra and Casimir
Let Mµν denote the rotation and boost generators satisfying the undeformed so(n− 1, 1) algebra. We require that
their commutators with the κ-space coordinates be linear functions of xˆµ and Mµν . In addition, the requirement that
these commutators have a smooth commutative limit leads to
[Mi0, xˆ0] = −xˆi + iaMi0 (15)
[Mi0, xˆj ] = −δij xˆ0 + iaMij. (16)
We note here that ∂0, ∂i defined in Eqn.(7) along with Mµν given above generates the κ-deformed Poincare´ algebra
[6, 8, 9]. Note that the Lorentz algebra is undeformed and the commutator [Mµν , ∂λ] is deformed and depends on the
realization. We also note that the twisted coproducts of Mµν can also be obtained from the Eqns. (15,16) [6, 8, 9].
They are
∆ϕ(Mij) =Mij ⊗ I + I ⊗Mij ≡ ∆0(Mij) (17)
∆ϕ(Mi0) =Mi0 ⊗ I + eA ⊗Mi0 + ia∂j 1
ϕ(A)
⊗Mij . (18)
For ψ = 1 class of realizations we are interested in, the explicit form of Mµν are
Mij = xi∂j − xj∂i, (19)
Mi0 = xi∂0ϕ
e2A−1
2A − x0∂i 1ϕ + iaxi∆ 12ϕ − iaxk∂k∂i γϕ (20)
where ∆ = ∂k∂k. Note here that M0i involves xi∂i and so does ∆ϕ(Mi0). The ∆(Mi0) is expressed in terms of
enveloping algebra of κ-deformed Poincare´ algebra generated by ∂µ,Mµν .
We can also define
M˜µν = xµ∂ν − xν∂µ = i(xµpν − xνpµ), (21)
which generate an undeformed Poincare´ algebra.
5The generalized Klein-Gordon equation, which is invariant under the action of the undeformed Poincare´ algebra
generated by ∂0, ∂i, M˜µν , is given as
(∂µ∂
µ −m2)Φ(x) = 0. (22)
Here we note that the above field equation is not invariant under the κ-deformed Poincare´ transformations generated
by ∂0, ∂i,Mµν defined above. This can be seen easily by noticing that the derivatives do not transform like a vector
under the transformations generated by Mµν . A possible way to avoid this is to introduce the (Dirac) derivatives Dµ,
for which there exists coordinates Xµ satisfying the conditions
[Dµ, Xν ] = η
µ
ν = δ
µ
ν , [Dµ, Xν ] = ηµν . (23)
Then, we have,
xˆµ = XµZ
−1 + i(Xνa
ν)Dµ, Mµν = XµDν −XνDµ = i(XµPν −XνPµ) = (xˆµDν − xˆνDµ)Z, Pµ = −iDµ. (24)
Generators Mµν , Dλ generate the undeformed Poincare´ algebra.
The Dirac derivatives transform like a vector under Mµν . The undeformed Poincare´ algebra is defined through the
relations
[Mµν , Dλ] = ηνλDµ − ηµλDν , (25)
[Dµ, Dν ] = 0, [Mµν ,] = 0, [, xˆµ] = 2Dµ, (26)
[Mµν ,Mλρ] = ηµρMνλ + ηνλMµρ − ηνρMµλ − ηµλMνρ, (27)
which were obtained in [6, 8]. Note that Dµ and Mµν given above generates undeformed Poincare´ algebra. These
Dirac derivatives are different from usual derivatives as can be seen easily from their action on xˆµ, i,e.,
[Dµ, xˆν ] = ηµνZ
−1 + iaµDν . (28)
where Z−1 = iaD0 +
√
1 + a2DαDα. Using this Eqn.(28), we get the twisted Leibniz rule for Dµ as
∆(Dµ) = Dµ ⊗ Z−1 + I ⊗Dµ + iaµ(DαZ)⊗Dα − iaµ
2
Z ⊗ iaαDα. (29)
Similarly, we also get the covariant form of twisted Leibniz rule for Mµν as
∆(Mµν) = Mµν ⊗ I + I ⊗Mµν
+ iaµ(D
α − ia
α
2
)Z ⊗Mαν − iaν(Dα − ia
α
2
)Z ⊗Mαµ, (30)
where Mµν is as given in Eqn.(24).
B. Dispersion relations
For arbitrary realizations characterized by ϕ, these Dirac derivatives and  operator are
Di = ∂i
e−A
ϕ
, (31)
D0 = ∂0
sinhA
A
− ia0∆e
−A
2ϕ2
, (32)
 = ∆
e−A
ϕ2
+ 2∂20
(1− coshA)
A2
=
2
a2
(cosh(ap0)− 1)− pipi e
−ap0
ϕ2(ap0)
. (33)
The relation between Dirac Dµ and ∂µ-derivatives corresponding to ϕS(A) (Weyl symmetric ordering) is given by
Dµ = ∂µ
Z−1
ϕS(A)
+
iaµ
2
. (34)
6and  = ∂0∂
0 e−A
(ϕS(A))2
. It is clear that the coalgebra of the undeformed Poincare´ algebra generated by Dµ,Mµν is
closed in enveloping algebra of Poincare´ generators and it is a Hopf algebra.
It is also clear that the Casimir, DµD
µ has vanishing commutator with Mµν and has correct commutative limit.
The Casimir can be expressed in terms of the  operator [6, 8, 9, 20, 24] as
DµD
µ = (1 +
a2
4
). (35)
Here note that the  operator is quadratic in space derivatives and thus the Casimir has quartic terms in space
derivatives.
Generalizing the notions from commutative space, it is natural to write the equation of motion for the scalar particle,
i.e., generalized Klein-Gordon equation using the Casimir. Thus the generalized Klein-Gordon equation on κ-space is
((1 +
a2
4
)−m2)Φ(x) = 0 (36)
and has the correct commutative limit. But since the Casimir as well as the  operator have same commutative
limit, the requirement of correct Klein-Gordon equation in the commutative limit does not rule out other possible
generalizations in the κ-space. Thus, one can equally well start with
(−m2)Φ(x) = 0 (37)
as the equation for scalar theory on κ-space. Other choices were also considered [16, 50] for effective scalar Lagrangians
in κ-space.
For the above choices of equations, we get the deformed dispersion relations as
4
a2
sinh2(
ap0
2
)− pipi e
−ap0
ϕ2(ap0)
−m2 + a
2
4
[
4
a2
sinh2(
ap0
2
)− pipi e
−ap0
ϕ2(ap0)
]2
= 0 (38)
4
a2
sinh2(
ap0
2
)− pipi e
−ap0
ϕ2(ap0)
−m2 = 0, (39)
respectively and here ϕ characterizes the realizations. Thus with ϕ = e−A, 1, AeA−1 one gets left, right and Weyl-
symmetric orderings, respectively.
III. STAR PRODUCT
The mapping between the functions on κ-space to that of commutative space ( see Eqn. (5)) also defines a star-
product, which naturally depends on the realization ϕ. Thus the star-product is defined as
Fϕ(xˆϕ)Gϕ(xˆϕ)|0 >= Fϕ ∗ϕ Gϕ. (40)
For the realizations we are interested in, i.e., the one given in Eqn.(9), this implies the following ∗-product rules
xi ∗ϕ f(x) = (xˆϕ)if(xˆϕ)|0 >= xiϕ(A)f(x)
x0 ∗ϕ f(x) = (xˆϕ)0f(xˆϕ)|0 >= [x0ψ(A) + iaxi∂iγ(A)] f(x) (41)
and similarly
f(x) ∗ϕ xi = xiϕ(A)eAf(x)
f(x) ∗ϕ x0 = [x0ψ(A) + iaxi∂i(γ(A)− 1)] f(x). (42)
For any realization ϕ, the star-product can be expressed in terms of the twist element Fϕ as
f ∗ϕ g = m0(Fϕf ⊗ g) = mϕ(f ⊗ g), (43)
where f and g are functions of the commutative coordinates and m0 is the usual pointwise multiplication map in the
commutative algebra of smooth functions and this can be re-expressed as
(f ∗ϕ g)(x) = m0
(
exi(∆ϕ−∆0)∂if(u)g(t)
)
|u=t=xi , (44)
7where ∆ϕ is the twisted coproduct given in Eqn. (14) and the undeformed coproducts is given by ∆0 = ∂⊗ I + I ⊗ ∂.
Comparing Eqn. (43) and Eqn. (44), we find the twist element as
Fϕ = exi(∆ϕ−∆0)∂i (45)
and then it is easy to find
∆ϕ = F−1ϕ ∆0Fϕ. (46)
Thus we find that by applying the twist element obtained in Eqn.(45) to the undeformed coproduct of ∂0 and ∂i,
we get the twisted coproducts which are exactly same as the one obtained in Eqns.(13,14). But F−1ϕ ∆0(M˜µν)Fϕ
do not give the twisted coproducts of the deformed Poincare´ algebra obtained in Eqns.(17,18), which can be easily
checked using Eqn. (48) below. Also we note that the M˜µν along with pµ generate undeformed Poincare´ algebra. The
corresponding coalgebra does not close in enveloping Poincare´ algebra, but in enveloping algebra of igl(n)× igl(n).
Using Eqn. (14) and Eqn. (44), we find that the ∗-product can be written as [9, 51]
(f ⋆ϕ g)(x) = e
xi∂
u
i (
ϕ(Au+At)
ϕ(Au)
−1)+xi∂
t
i (
ϕ(Au+At)
ϕ(At)
eAu−1)
f(u)g(t)|u=t=xi . (47)
The explicit form of the corresponding twist element is now given by
Fϕ = eNxln
ϕ(Ax+Ay)
ϕ(Ax)
+Ny(Ax+ln
ϕ(Ax+Ay)
ϕ(Ay)
)
(48)
where Nx = xi
∂
∂xi
[6, 8, 9].
Since the ∗−product depend on the ordering (or equivalently on realization) as have seen from Eqn. (41) and Eqn.
(42), it is natural to have different twist elements depending on the ordering. Indeed, we get the twist element for
left ordering as
FL = e−NxAy = eN⊗A (49)
and corresponding to right ordering we get
FR = eAxNy = eA⊗N , (50)
with Ax = −ia∂x0 and Nx = xi∂xi . One can combine the above two to write down an interpolating twist element
FΛ = e−ΛN⊗A+(1−Λ)A⊗N (51)
which reduce to FL and FR when Λ = 1 and Λ = 0, respectively. This twist element satisfies the cocycle condition
(FΛ ⊗ I)(∆ ⊗ I)FΛ = (I ⊗FΛ)(I ⊗∆)FΛ. (52)
One can now get the modified momentum addition rules for κ-space from the coproducts given in Eqn. (13) and Eqn.
(14) also. Thus going to momentum space we find
[Kϕ(p, q)]µ = −i∆ϕ(∂µ),
Kϕ(p, q)x = −(p0 + q0)x0 + ϕ(−ap0 − aq0)
[
pixi
ϕ(−ap0) +
e−ap0
ϕ(−aq0)qixi
]
. (53)
Similarly, we can also obtain the twist element in the momentum space, denoted by F which tells how the star-product
acts on the momentum space (by expressing the operators A and N in the momentum space in Eqns. (49),(50) and
(51), we get the the explicit form for F , for different ordering.). Starting from
Ff(x)g(y) ≡ F
∫
d4kd4qeikxf˜(k)eiqy g˜(q) (54)
and using the action of F on plane waves, we can easily get
F f˜(k)⊗ g˜(q) = F(i ∂
∂k
, k, i
∂
∂q
, q)f˜(k)g˜(q). (55)
The above result will be of use to obtain the twisted commutation relations between the Fourier coefficients, necessary
to discuss the twisted oscillators.
8IV. DEFORMED STATISTICS AND OSCILLATORS IN κ-MINKOWSKI SPACE
It is known that for the QFT’s defined on Moyal plane, the twisted coproduct rules affect the statistics [29, 30, 31,
32, 33, 34, 38]. This is natural as the physical theory has to be invariant under the action of the underlying symmetry
group of the space (or spacetime) and the definition of statistics should also be invariant under this group action.
This ensures that the statistics is superselected. Such a superselection rule is implemented by demanding that the
flip operator commutes with the coproduct. As the coproduct rule is now changed, we do expect a corresponding
change in the definition of flip operator also. Such a twisted flip operator for the κ-deformed space was constructed in
[38]. In the first part of this section we briefly review that construction which requires us to consider a larger general
linear algebra. Next we introduce the concept of a covariant flip operator, which preserves the algebraic structure of
the κ-Minkowski space, which is a new result. We give an explicit expression of this covariant flip operator to the
first order in the deformation parameter in terms of the generators of the Poincare´ algebra alone. We also obtain
an expression of the corresponding R-matrix to the first order. We find that upto first order in the deformation
parameter, the expression for the R-matrix obtained using the covariant flip operator is different from that obtained
using the twisted flip operator.
Our main results are given in the second part of this section where we obtain novel twisted commutation relations
between the creation and annihilation operators appearing in the mode decomposition of the scalar field satisfying
generalized Klein-Gordon equation. This leads to a large class of such deformed algebras depending on the family
of realizations of the κ-Minkowski space. For certain choice of realization, we explicitly obtain the deformed algebra
obtained in [37]. Our analysis however indicates the possibility of a much wider class of deformed oscillator algebras.
A. Twisted flip operators
In this subsection, we discuss the twisted flip operators compatible with the coproducts of the deformed Poincare´
algebra defined by the generators in Eqns.(7, 15, 16) and for the undeformed Poincare´ algebra generated by Dµ and
Mµν , respectively.
In the commutative case, the flip operator is defined through its action on multi-particle states. Without loss of
generality, let us consider a two-particle state f ⊗ g ∈ A′ ⊗A0. The action of flip operator on this (tensor product)
state is given by
τ0(f ⊗ g) = g ⊗ f. (56)
It is easy to see that (τ0)
2 = I. Symmetric and antisymmetric states of the physical Hilbert space are projected from
the tensor product state as
1
2
(1± τ0)(f ⊗ g) = 1
2
(f ⊗ g ± g ⊗ f), (57)
respectively. Since this definition of (anti)symmetric states should remain invariant under the action of the underlying
symmetry, its clear that the flip operator must commute with the symmetry generator. Since Λ, a typical element of
the symmetry group acts on the tensor-product state through some representation D as
Λ : f ⊗ g = (D ⊗D)∆(Λ)f ⊗ g, (58)
this requirement imply that the coproduct ∆(Λ) commutes with the flip operator τ0. Thus in the commutative
space the flip operator τ0 is superselected so as to have vanishing commutators with all observables. In this case of
noncommutative theories, as we have seen, the coproducts get twisted and the twisted coproducts do not satisfy
[∆ϕ, τ0] 6= 0. (59)
Thus, the meaning of (anti)symmetric states defined using τ0 are no longer invariant. We are, thus forced to define
a new twisted flip operator which commutes with the coproduct action. Since ∆ϕ = F−1ϕ ∆0Fϕ, where ∆0 is the
coproducts of the undeformed Poincare´ algebra, we are immediately led to the twisted flip-operator
τϕ = F−1ϕ τ0Fϕ (60)
which satisfy
[∆ϕ, τϕ] = 0. (61)
9Using this twisted flip operator we can define an invariant definition of symmetric and antisymmetric states as
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2 (1± τϕ)(f ⊗ g), respectively. The twisted flip operator for a generic ϕ realization can be easily obtained using Eqn.
(48) in Eqn. (60) as
τϕ = e
i(xipi⊗A−A⊗xipi)τ0 (62)
where A = −ia∂0. In the limit a→ 0, we get back the familiar commutative flip-operator, smoothly. It is interesting
to note that the τϕ given above is independent of ϕ. It may be noted that the twisted flip operator τϕ is not covariant
and involves operators belonging to the universal enveloping algebra of GL(d− 1, 1). The R matrix corresponding to
the flip operator τϕ, denoted by Rτ , is defined as
Rτ = I ⊗ I + iN ∧ A
= I ⊗ I − a(xi∂i) ∧ ∂0 (63)
and it satisfies the classical Yang-Baxter equation since [N,A] = 0. Note that in the above axi∂
i ∧ ∂0 = a(
←−−
xi∂
i−→∂0 −←−
∂0
−−→
xi∂
i).
Alternately, we can define another deformed flip operator τc which is covariant. This new covariant flip operator is
compatible with the symmetries implemented by the covariant twisted coproducts of Dµ and Mµν given in Eqns.(29,
30). It is defined by the conditions
[∆(Dµ), τc] = 0, [∆(Mµν), τc] = 0, (64)
where τc = Rcτ0. Expanding the Rc-matrix in powers of the deformation parameters aµ as Rc = I ⊗ I +
∑
Γ(a,Λ),
where Λ stands for the generators of the κ-Poincare´ algebra and using the twisted coproducts (see Eqns.(29,30)) in
the above condition, we get the Rc-matrix ( to the first order in the deformation parameter) as
Rc = I ⊗ I + I[Mµν ⊗ aµDν − aµDν ⊗Mµν ]. (65)
The explicit form of Mµν appearing above is given in Eqn.(24). We note here that the above R matrix, up to first
order in the parameter involves only the generators of the κ-Poincare´ algebra, namely Mµν and Dµ. This has to
be contrasted with the one in Eqn.(63) for the non-covariant, twisted flip operator which involves (space) dilation
operator which is not in the k-Poincare´ algebra(R-Matrix, as an expansion in inverse powers of κ was studied in [52]
for the case κ deformed spaces.) It may also be noted that the Rτ and Rc matrices would in general lead to different
physics. The calculation of the covariant R-matrix to all orders in the deformation parameter is presently under
investigation. This covariant R-matrix to first order in the deformation parameter given in Eqn.(65) is a new result.
B. Twisted Oscillator algebra
In this section, we derive a novel class of twisted products between the creation and annihilation operators appearing
in the mode expansion of the scalar field theory in κ-space.
Having defined the twisted flip operator τϕ, we are now in a position to define (anti) symmetric states of a theory
defined in the κ-Minkowski space. We start by defining the deformed bosonic state as
f ⋆ϕ g = mϕ(f ⊗ g) = mϕτϕ(f ⊗ g). (66)
Using the definitions of mϕ and τϕ( see Eqn. (43) and Eqn. (60)) in the above, we get
f ⊗ g = τϕ(f ⊗ g) (67)
or equivalently we can write
Fϕ(f ⊗ g) = F˜ϕ(f ⊗ g) (68)
where we have used the mirror twist operator F˜ϕ = τ0Fϕτ0. Now defining the twisted tensor product f ⊗ϕ g as
Fϕ(f ⊗ g), from the above, we get
f ⊗ϕ g = τ0(f ⊗ϕ g). (69)
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For the product of two bosonic fields φ(x) and φ(y) under interchange, now we pick up an additional factor compared
to the commutative case. This can be calculated using Eqn. (67) and one gets
φ(x) ⊗ φ(y)− e−(A⊗N−N⊗A)φ(y)⊗ φ(x) = 0. (70)
Expressing φ in the above equation using Fourier transforms and using the twisted flip operator in momentum space,
we are led to the deformed commutation relations between the annihilation operators as
φ˜(k)φ˜(p) = e−ia[k0(∂pipi)−p0(∂kiki)]φ˜(p)φ˜(k) (71)
The Φ(x) appearing in the generalized Klein-Gordon equation (22) can be expressed as
Φ(x) =
∫
d4pδ(p20 − ω2)A¯(p)e−ip·x (72)
where ω =
√
p2i +m
2. Using the mode decomposition
Φ(x) =
∫
d3p√
p2i +m
2
[
A(ω, ~p)e−ip·x +A†(ω, ~p)eip·x
]
, (73)
from Eqn.(71) we get
A†(p0, ~p)A(q0, ~q)− e−a(q0∂pipi+∂qiqip0)A(q0, ~q)A†(p0, ~p) = −δ3(p− q), (74)
A†(p0, ~p)A
†(q0, ~q)− e−a(−q0∂pipi+∂qi qip0)A†(q0, ~q)A†(p0, ~p) = 0, (75)
A(p0, ~p)A(q0, ~q)− e−a(q0∂pipi−∂qi qip0)A(q0, ~q)A(p0, ~p) = 0. (76)
For the choice ϕ = e−
A
2 = e−
ia∂0
2 , the generalized Klein-Gordon equation (37) is
[
∂2i +
4
a2
sinh2(
ia∂0
2
)−m2
]
Φ = 0. (77)
We can decompose this field in positive and negative frequency modes and thus
Φ(x) =
∫
d4p
2Ωk(p)
[
A(ωk, ~p)e
−ip·x +A†(ωk, ~p)e
ip·x
]
(78)
where A†(±ωk, ~p) = A†(∓ωk, ~p). In the above, we have used
p±0 = ±ωk(p) = ±
2
a
sinh−1(
a
2
√
p2i +m
2), (79)
Ωk(p) =
1
a
sinh(aωk(p)). (80)
Using this in Eqn.(71), for the field satisfying the deformed generalized Klein-Gordon equation given above (
Eqn.(77)), we obtain various twisted commutation relations between creation and annihilation operators. They are
A†(p0, ~p)A(q0, ~q)− e−a(q0∂pipi+∂qiqip0)A(q0, ~q)A†(p0, ~p) = −δ3(p− q), (81)
A†(p0, ~p)A
†(q0, ~q)− e−a(−q0∂pipi+∂qi qip0)A†(q0, ~q)A†(p0, ~p) = 0, (82)
A(p0, ~p)A(q0, ~q)− e−a(q0∂pipi−∂qi qip0)A(q0, ~q)A(p0, ~p) = 0 (83)
Note that p0 and q0 are as given in Eqn. (79). From this, one can easily derive the following relations
A†(p0, e
−
aq0
2 ~q)A†(q0, e
ap0
2 ~q)−F(q, p)A†(q0, e−
ap0
2 ~q)A†(p0, e
aq0
2 ~q) = 0, (84)
A(p0, e
aq0
2 ~p)A(q0, e
−
ap0
2 ~q)−F(−q,−p)A(q0, e
ap0
2 ~q)A(p0, e
−
aq0
2 ~p) = 0, (85)
A†(p0, e
aq0
2 ~p)A(q0, e
ap0
2 ~q)−F(−q, p)A(q0, e−
ap0
2 ~q)A†(p0, e
−
aq0
2 ~p) = −δ3(p− q). (86)
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where F(q, p) = e3a(q0−p0). These relations were obtained in [37, 48] using different approach. Using these relations,
a new product (the ◦-product) between the creation and annihilation operators is defined as follows
A(p) ◦A(q) = e− 3a2 (p0−q0)A(p0, e
aq0
2 ~p)A(q0, e
−
ap0
2 ~q) (87)
A†(p) ◦A†(q) = e 3a2 (p0−q0)A†(p0, e−
aq0
2 ~p)A(q0, e
ap0
2 ~q) (88)
A†(p) ◦A(q) = e 3a2 (p0+q0)A†(p0, e
aq0
2 ~p) ◦A(q0, e
ap0
2 ~q) (89)
A(p) ◦A†(q) = e− 3a2 (p0+q0)A(p0, e−
aq0
2 ~p) ◦A†(q0, e−
ap0
2 ~q). (90)
Using this new product rule, we can re-express Eqns.(81,82,83) as
[A(p0, ~p), A(q0, ~q)]◦ = 0, [A
†(p0, ~p), A
†(q0, ~q)]◦ = 0, (91)
[A(p0, ~p), A
†(q0, ~q)]◦ = δ
3(~p− ~q). (92)
Thus, with this modified product rule, the algebra of creation and annihilation operators can be recast in the same
form as the corresponding commuting operators.
We note here that the creation and annihilation operators satisfying the specific deformed products given in
Eqns.(87-90)( and hence the commutation relations in Eqns.(91, 92)) are the ones appearing in the mode decom-
position of the scalar field (see Eqn.(78)) satisfying the generalized Klein-Gordon Eqn. (37) with a particular choice
ϕ(A) = e−
A
2 ( see Eqn.(77)). Thus it is clear that even for the scalar field obeying the field Eqn.(37), more general (i.e.,
for other choices of/arbitrary ϕ(A)) dispersion relations than those given in Eqns.(79,80) are possible. This will lead
to more general twisted products than those given in Eqns.(74-90), leading to generalized commutation relations in
place of those in Eqns.(91,92). Thus the twisted products (see Eqns.(87-90)) obtained in [37, 48] are only a particular
case of more general products between A† and A that are possible.
The creation and annihilation operators satisfying above given deformed commutation relations are the ones appear-
ing in the mode decomposition of the scalar field satisfying the generalized Klein-Gordon Eqn.(37). This generalized
Klein-Gordon equation is invariant under the κ-Poincare´ algebra defined in Eqns.(25,26), in addition to the usual
so(n−1, 1) commutation relations betweenMµν . This should be contrasted with the approach taken in [37, 48] where
the generalized Klein-Gordon equation was invariant under the action of a deformed κ-Poincare´ algebra. Irrespective
of this, we have obtained the deformed commutation relations between A† and A given in [37, 48], as a special case.
V. CONCLUSION
In this paper, we have studied the construction of scalar theory on κ-Minkowski spacetime. It is known that
this noncommutativity of the coordinates leads to twisted coproducts for the generators of the κ-Poincare´ algebra.
These twisted coproducts are necessary for the implementation of the symmetry algebra on multiparticle states. We
have summarized briefly, explicit form of the twisted coproducts for a class of realization of deformed κ-spacetime
coordinates in terms of commuting coordinates and derivatives. Here, the momenta do not transform like a vector
unlike in the case of undeformed κ-Poincare´ algebra. This results in the non-invariance of the naive generalization
of generalized Klein-Gordon equation (see Eqn.(22)) under the action of the deformed κ-Poincare´ algebra. We then
introduced Dirac derivatives which transform as vector under the deformed κ-Poincare´ algebra. After obtaining the
coproducts of the generators of this deformed Poincare´ algebra and the Casimir, generalized Klein-Gordon equations
which are invariant under this algebra are introduced. The requirement of invariance alone does not lead to a unique
generalized Klein-Gordon equation. These generalized Klein-Gordon equations do have higher derivative terms with
respect to time while one of them has quartic space derivatives (see Eqn. (36)) while the second has quadratic space
derivatives( see Eqn. (37)). We have then discussed the ∗-product naturally induced by the realization of κ-spacetime
coordinates in terms of the commuting ones and derivatives. From this star product, one can read-off the twist element
and we showed that it can be expressed in terms of space dilation operator and time derivative. It is clear that the
twisted coproducts obtained using this twist element are different from those of deformed κ-Poincare´ algebra as well
as those of the undeformed κ-Poincare´ algebra defined using Dirac derivatives.
Our main results are discussed in section IV . Here we have derived the flip operators compatible with the algebraic
structure of the system. First we have obtained the twisted flip operator which is compatible with the twisted
coproducts of the deformed κ-Poincare´ algebra and then we derive the covariant flip operator which is compatible
with the coproducts of the undeformed κ-Poincare´ algebra defined using Dirac derivatives. In both cases, we have
obtained the R-matrices corresponding to the deformed flip operators (up to first order in the deformation parameter).
It is shown that in the first case, the twisted flip operator contains elements that do not belong to the set of the
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generators of the symmetry algebra. In contrast, the covariant flip operator up to the first order in the deformation
parameter involves only the generators of the symmetry algebra. The calculation of the covariant R-matrix to all
orders in the deformation parameter is being investigated now. Whether the two different R-matrices we obtained for
the κ-Minkoswksi space are equivalent or not is under investigation.
We have then studied implications of the twisted flip operator on the statistics of the scalar field quanta, satisfying
generalized Klein-Gordon equation defined in the κ-spacetime. We have shown that the algebra of creation and
annihilation operators is deformed and we obtain this deformed algebra explicitly. We have also shown that this
deformed algebra reproduces a known result for a specific choice of the realization of the κ-spacetime coordinates [37].
Our analysis however leads to a much wider and novel class of deformed oscillator algebras.
Finally, in the appendix, we have discussed the ∗-product for the κ spacetime defined using vector fields and obtain
the twisted coproducts of the symmetry algebra induced by this ∗-product. We show that this twisted coproduct is
same as that of the undeformed κ-Poincare´ algebra generated by ∂µ, and M˜µν .
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APPENDIX A: THE STAR PRODUCT AND COPRODUCTS FROM VECTOR FIELDS
Here we discuss the ∗-product and the twist element for theκ-space-time using the commuting vector field. Using
this twist element, we then derive the twisted coproducts and show that they are same as the ones we obtained in
Eqns.(13,14,17,18), with a specific choice ϕ(a).
In section 3, we have obtained the ∗-product induced on the commutative space by the mapping of function from
deformed k-space-time. The explicit form of this ∗-product is given in Eqn.(47). ∗-product was first introduced in
quantum mechanics as a way to handle the ordering problems encountered in the passage from classical phase space
to quantum one( or in obtaining a map between functions on classical phase space to the corresponding quantum
mechanical operators). The approach, later lead to the development of deformation quantization. In the studies of non-
commutative field theories on Moyal plane, it was realized that the product of functions on Moyal plane can be replaced
with ∗-product of function on commutative space. Later, it was shown that the compatibility requirement of ∗-product
and the action of symmetry generators introduces the twisted coproducts into the discussions of symmetries[15].
The ∗-product in the Moyal plane is constructed using the commuting generators of the symmetry algebra( namely
Poincare´ algebra). Later ∗-products were constructed for quantum spaces like M(soq(3)), M(soq(1, 3)) etc using
commutative vector fields ( which are not the generators of the symmetry algebra of the underlying space)[53]. For a
pair of vector fields X and Y, this ∗-product is given a series. An asymmetric ∗-product is defined by
f ∗ g =
∞∑
n=0
hn
n!
(Xnf)(Yng) (A1)
and a symmetric one is defined as
f ∗ g =
∞∑
n=0
hn
2nn!
n∑
i=0
(−1)n nCi(Xn−iYif)(XiYn−ig) (A2)
Using this approach, one can define a ∗-product between the coordinates leading to the commutation relations
defining theκ-space-time given in Eqn.(2). This product is defined in terms of the commuting vector fields xi∂i and
∂0 as
f ∗ g = fe−ia2 (xi∂i⊗∂0−∂0⊗xi∂i)g.. (A3)
Here we have summed the series in Eqn.(A2) to get the phase factor in the above equation. It is easy to verify that
the above star product gives the Eqn.(2) for commuting coordinates x0, xi.
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As in the Moyal case, here too, we can define the twisted coproduct in terms of the twist element F . Noting
m∗(fg) = f ∗ g = m(Ffg) and using Eqn.(A3), we find F = e−ia2 (xi∂i⊗∂0−∂0⊗xi∂i). Using ∆t(g) = F−1∆(g)F , we
find the twisted coproducts of the generators of the undeformed Poincare´ algebra ∂0, ∂i, M˜0i, and M˜ij . We find
∆t(∂0) = ∆(∂0); ∆t(M˜ij) = ∆(M˜ij) (A4)
∆t(∂i) = ∂i ⊗ e−
ia∂0
2 + e
ia∂0
2 ⊗ ∂i (A5)
∆t(M˜i0) = −i[xi∂0 ⊗ e
ia∂0
2 + e−
ia∂0
2 ⊗ xi∂0]− i[x0∂i ⊗ e−
ia∂0
2 + e
ia∂0
2 ⊗ x0∂i]
+
a
2
[∂i ⊗ xj∂je−
ia∂0
2 − xj∂je
ia∂0
2 ⊗ ∂i]. (A6)
Exactly the same twisted coproducts result from F−1ϕ ∆0(∂µ)Fϕ, F−1ϕ ∆0(Mµν)Fϕ where ∆0 is the coproducts of the
undeformed Poincare´ generators with the choice ϕ(a) = e−
ia∂0
2 ( for the derivative operators these are same as the
ones given in Eqns.(13,14)). We note that the ∗ product defined using the commutating vector fields in Eqn.(A3)
is same as the one we obtained in Eqn.(47) and the twist element is exactly same as that in Eqn.(48) with the
choice ϕ(a) = e−
ia∂0
2 . Thus it should not be surprising that these two different approaches leads to same twisted
coproducts. But it is clear the ∗ product defined in Eqn.(47) is more general as it reduces to Eqn.(A3) only for the
choice ϕ(a) = e−
ia∂0
2 . We also note that the twisted coproducts derived above are given in terms of operators that
are not in κ-Poincare´ algebra.
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